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BUPUHYU TYPAOT'Y ®PEAT'OJIBM UHTEI'PAJIIBIK TEHAEMECHUHUH YEYNUM
PEI'YJIAPU3ALUACBIH KYPYY

bByn ocymywma usundeenyn npedmemu kamapvl y3eyamykKmyy sopocy oap Oupunuu munmeeu
Dpedzonom UHMeZPanIObIK MeHoeMe Kapaiam HCaHa KbiCYy Ydeblioblpyy NPUHYUOUHUH JHapoambl MeHeH
YeYUMOUH pe2yrapu3ayuacel my3yaom. Heuumoun dwcancvlzovievl OanundeHzeH. H3undeenyn makcamol:
oupuryu munmeau unmezpandvik Opedeonvm meyoemecu Y32yamyKcys s0pocy MeHeH Oeleunyy wapmmapoa
ap Kamoail hyHKYUsAIbIK MetikuHoukmepoe kapaneat. Mzundeenyn memody: M.M. Jlagpenmoes y3eyamykcys
adpocy bap oupunuu mypoecy @pedzoioM UHMEZPANOblK MeHOeMeCU YUYH HOPMANOAumulpyy bIKMACHl
nauoananviiean. Muvinoail macenenep Oupunuu dcana YuUyHuy munmeeu UHMeZpaiobik menoemenepae
Kemupunem, anoa s0po 4OUpOHyH KacuemmepuH, yekmepoe o146010pOYH HAMbIUNCACLL KAMapbl 3PKUH
MOOHOMY, all IMU KepeKMYY YHKYUA U4KU YeKummepoe2u 4ouponyH Kepcomkyyy bonyn canaram. Ouion e
YUYpOa YeuUMOUH 03204ONYEY, OUOHOOU e ONepamopiopOVH KONMy2yH HOPMALOAUMBIPYY HCAHA ANAPObIH
HamulidCcanyyyeyn 6aanoo macenenepu OUpUHY niaHea ybleam.
Hezuzeu ce306p: unmezpandvik meyoemenep, y32yUmyKmyy s0po, YHUKANOYYayK, dedumoep, s0po;
baanoo,; ynkyua; wapmmap,; pe2yrapusayus; pe3oibeeHma.

IHOCTPOEHHME PEI'YVJIAPU3AIIMU PELHEHUA UHTEI'PAJIBHOI'O YPABHEHU A
OPEAI'OJIBMA IIEPBOI'O POJA

B Oaunoii pabome npedmemom uccie0o8anus AeiAemcs UHmezpaibHoe ypasHenue Dpedzonvma
nepeoco pooa ¢ paspuleHbIM A0POM, NOCMPOEHA PeSYIAPUZAYUS PeUleHUs MeMOOOM NPUHYUNA COHCUMALOUJUX
ompaoicenuil. Jlokazana eouHcmeeHHOCmb pewienus. Llenv uccrnedoeanus: paccmomperue  HA PA3HbIX
DYHKYUOHANLHBIX NPOCMPAHCMEAX UHMESPANbHBIX YpasHeHuti Pped2onbma nepeoco pooa ¢ HepaspblEHbIM
A0pom npu onpeoeieHublx ycaogusax. Memoo ucciedoganus: ucnonvzosancs memoo M.M. Jlagpenmuesa,
npeosodcen Memoo pezyisapuzayuu 0l UHMeSparbHo2o ypaeueHusi Dpedzorbma nepsozo pooda ¢
HepaspwigHbIM A0pom. Takue 3a0auu c800aMcs K UHMeSPANbHBIM YPAGHEHUAM NePE020 U mpembvbe2o pood, 20e
A0PO NpedCcmasisiem CeoUCmaa cpeodl, C60O0OHDII UJIeH KAK Pe3YIbMmanm UsMepeHull Ha 2PaHuyax, a UCKOMas
@yHKYyUs — Kax noxasamenv cpedvl 60 6HYMPeHHUX moukax. Ilpu smom, Ha nepevlii NiaH 6bl08USAIOMCS
B0NPOCHL €OUHCNBEHHOCIU PeWeHUs, A MAK»ce NOCMPOeHUs. Pe2yIAPUSUPYIOWUX CEOUCME ONepamopos u
oyenKu ux spghexmusnocmu.

Knwouesnvie cnosa:. unmezpanvhvie;, YpagHeHus,; paspuleHoe s0po, eOUHCMBEHHOCb, PeueHUs; A0po;
oyenKa, YHKYus, YCao8us, pecyisipuzayus, pe3oibeeHmd.

CONSTRUCTION OF A REGULARIZATION OF THE SOLUTION TO THE FREGHOLM
INTEGRAL EQUATION OF THE FIRST KIND

This article examines the Fredholm integral equation of the first kind with a discontinuous kernel and
constructs a regularization of the solution using the principle of compressive reflections. The uniqueness of
the solution is proven. Fredholm integral equations of the first kind with continuous kernels under certain
conditions were considered on different function spaces. Thus, M.M. Lavrentiev proposed a normalization
method for the Fredholm integral equation of the first kind with a continuous kernel. To prove the existence of
solutions to linear Fredholm and Volterra integral equations of the first kind with one variable and sufficient
conditions for obtaining them, A. M. Denisov, V. O. Sergeev and other authors used the method of
differentiation with respect to given functions. In their works, M.M. Lavrentyev, M.l.Imanaliev and A. Asanov
studied the solution of linear integral equations of the first kind in the space of functions C(G), and generalized
Volterra integral equations of the first type with a non — smooth kernel. Such problems are reduced to integral
equations of the first and third kind, where the kernel represents the properties of the medium, the free term is
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the result of measurements at the boundaries, and the desired function is an indicator of the medium at internal
points. At the same time, the issues of uniqueness of the solution, as well as the construction of regularizing
families of operators and evaluation of their effectiveness, come to the fore.

Key words: integral; equations; first kind; uniqueness; solutions; kernel; estimate; function; conditions;
regularization; resolvent.

BBenenue

B HacTtosiee BpeMs 00JbIION MHTEpEC MPOSABIAETCA K TEOPUM MHTErPATIbHBIX YPAaBHEHH, B
YAaCTHOCTH, HEKOPPEKTHBIM 3ajadaM. VHTerpajnbHble YpaBHEHUS SBISIIOTCA OJHUM M3 Ba)KHBIX
o0yacTeil MaTeMaTHKH, TaK KaK HEKOPPEKTHBIE 3a7jaul BOIUIM B MIPUJIOKEHHUS Pa3HBIX HAYK, TAKUX
Kak: (usuka, KMHEMaTuka, ceiicMuka u apyrue. C pa3BuTHeM HHQPOPMALMOHHBIX TEXHOJIOTHH
MOSIBUJIACH BO3MOKHOCTh MOJIEJIMPOBATh CaMbl€ CIIOXHBIE TEXHUYECKHE, SKOHOMUYECKHUE 3aJauH.
Bce oHn Moryt ObITh NPUBEAEHBI K MHTEIPAJIbHBIM YPAaBHEHHUSAM, YTO TOBOPUT 00 aKTyaIbHOCTHU
TaKuX ypaBHeHu# [1-4].

Ilenpto aHHOM pPabOTHI SBISAETCS MOCTPOCHUE DErYISPU3ALUKN PELICHUS HHTErpaibHOIOo
ypaBHEHMs IIEPBOI0 POJa JUIsl cliydyasl pa3pbIBHOTO s1/1pa, TO €CTh HEKOPPEKTHOM 3a1aun. Pe3ynbraTsl
JAHHOTO HCCJICZIOBAaHUSI BHECYT OOJIBLION BKJIAJ B Ppa3BUTHE HEKOPPEKTHBIX HHTETPalbHbBIX
YPaBHEHUM.

Jnsa  nokaszarenbcTBa  CyIIECTBOBAHMS PELICHUM JIMHEHHBIX WHTETPAIBHBIX YPAaBHEHUH
@penronsma, BonbTeppa nepBoro poga ¢ OJHOW MEPEMEHHOM U JOCTAaTOYHBIE YCIOBHS AJIS UX
nonydenusi, A.M. [enucoB, B.O. CepreeB u apyrue aBTOpPbl HCIOJIB30BAIM  METOJ
muddepeHpoBaHus 1O 3aJaHHBIM (QyHKIHAM. B cBoumx paborax M.M. JlaBpentseB, M.U.
NmananueB u A. AcaHOB U3y4Yau PELIEHUE JIMHEWHBIX UHTEIPAJIbHBIX YPABHEHUH IIEPBOrO poAa B
npoctpancTBe pyHkuui C (G), 1 060011eHHbBIe UHTETrpalibHbIE YpaBHEeHUS BonbTeppa nepBoro Tuna
C HEMIAIKUM ApoM. HekoppeKkTHBIE 3a1aul B HACTOALLEE BPEMs IPUMEHSIIOTCSI BO MHOTHX HayKax.

ITocranoBka 3amaun. PaccMorpuM ypaBHenue @pearosisma nepBoro poja

PNt ) u(s)ds = f(©), )

rae N(t,s), f(t) — 3amannbie GYHKINH, TPHYCM

_(L(t,s), npu a<s<t<bh,
N(t,s) = {P(t, s), mpu a<t<s<bh. 2)
Tornaa B cuny (2), umeem
[ L@t ) u(s)ds + [ P(t,s) u(s)ds = £(b), 3)
C ypaBHEeHHEM (3) pacCMOTPUM ypaBHEHHE
t b
ev(t,e) + f L(t,s) v(s,e)ds + f P(t,s) v(s,e)ds = f(t) + eu(a), 4)
a t

t € [a,b], 0 < & — Manblii mapamerp.

BBINOJHAIOTCS YCIOBHS:
a) ipu 1r060M pukcupoBantnoM t € (a,b), L(s,t) € M;(a,t),P(t,s) € M,(t,b), a pyHKIWHs
L(t,t) € Ly(a,b) u L(t,t) = 0,P(t,s) =0,Vt€[ab];
0) iput >n,V (1,5),(n,s) €EG = ((t, shias<s<t< b), BBINIOTHAETCS OLICHKA

|L(t,s) — L(n,s)| < m(s) fTL(s, s)ds,
n

rae: m(s) = 0,mput € [a,b] u m(t) € M,(a,b).
¢)uput > 1,V (t,5),(1,5) €EG, = ((t, s;as<t<s< b), BBINIOIHAETCS OLICHKA
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t
|P(t,s) — P(t,s)| < ml(s)f K(t,1)d1,
rae my(t) = 0,nput € [a,b] u m,(t) € M,(a,b). '
2) lu(®) —u(s)|<C (fStK(T, T)d‘[)y, rne0 <y <1wu ()= fOtL(r, 7) dT,

TOrIa
[u(t) —u(s)| < Clo() — p(s)|".

Metoabl pemienusi. B ypaBHenuu (4) caenaem 3aMeHy
v(t, €) = u(t) + (¢ ), (5)

rae u(t) — HeoTpuuarenbHas HenpepbiBHAS QyHKIMs Ha [a, b], petuenue ypaBaenus (1).

t b
s(u(t) + &(t, s)) + f L(t,s) (u(s) + (s, s))ds + f P(t,s) (u(s) + &(s, s))ds =
a t

= f(®) +u(@), (6)
[Ipeobpazyem (6),
£(6,8) +2 [ L(s,9) €(s,8) = —[u(®) = u(@] = 1 [[L(t,5) = L(s, )] (s, €)ds
—1[P(t,5) &(s, e)ds; )

[TpumeHsist pe30abBEHTY SApa (— iL(S, S)),

1 1.t
R(tl S; 8) = _EL(S’ S)e_gfs L(T;T)d'[’

MOJTy4acM ypaBHEHHUE BHA:
1t 1t
&(te) = _EJ [L(t,s) — L(s,s)] &(s,s)ds — ;f P(t,s)é(s,e)ds —
—[u(t) — u(a)] + %f:L(s‘ s) e_%fstL(r,T)d‘r .
. {i f:[L(s, ) — L(t,7)] (1, 8)dT + ifsb P(s,t)é(t,e)dt + + [u(s) — u(a)]} ds (8)
[Tpumenss popmyny dupuxie, npeodpasyem ypaBHeHue (8):
£(t,e) = == [1[L(t,5) — L(s, )] §(s, 5)ds — 1 [, P(¢,5) (s, €)ds — [u(t) — u(a)]+
+%ftL(s, s) e_%fstL(T'T)dT Ju(s) —u(t)]ds + [u(t) —u(a)] —

~u(®) — u(@)] - ek HEI L L) (g e e e L0011 (7, 5) — —L(¢, 5)]¢ (s, £)dsdt —
~Ji1L(s,s) = L(t, )] &(s, e)ds+- e LD L[] (¢ o) — L (t,5)]€(s, £)ds +

siz ;(f:L(T, 7) -e_if:L(s's)ds - P(x, s)dr) é(s,e)ds +
1 b t
t a

— [PIP(s,5) = P(t, )1E(s, s)ds + [ e /298 [p(s, 5) — P(¢, 5)]¢ (s, £)ds. 9)
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VYnpomas ypaBaenue (9), moirydaem:

o) =+ | L5, e I fus) — u(e)]ds — [u®) - u(@)]-

a

1t 1 rtrt 1.t
e e ks LEDdT | E,f f L(z,7) e et X909 L [1(7,5) — —L(¢, 5)]E(s, £)dsdr +
a N

1 s . —% thL(s,s)ds .
# Lt el OO (5 ) 1 (e, 5)]E(s, e)ds + + 5 (fa L) -e ) £(s,e)ds +
¢ € P(t,s)dt
L ([ LD e RIS [p(r ) PG )dr) €5, )ds + [ e ke [p(s,5)

P(t,s)]é(s, €)ds.

Bsenem HoBrie obo3nauenus H(t, s, €),T(t,s,€),Q(t,s, &) u @(t, €) nonydaeM ypaBHEHHE BHJIA:

t t b
&t e) = f H(t,s, &) &(s,s)ds +f T(t,s,€)é(s,s)ds +f Q(t,s,e)é&(s,s)ds +
a a t
+@(t, ), (10)

rIe:

1 rt 1.t
H(t,s,e) = f L(z,7) e e FEDN (7, 5) — L(¢, 5)]dr +
S

1 1.t
+2e TR, ) — 1 (6,5))
1 —lftL(T‘L')d‘L'
T(t,s, &) = S—Zj L(t,T) e et - P(1,s)dr;
a

1 (¢ 1
Q(t,5,6) == | L(t,1)e e 98P, 5) — P(t, 5)]dr +
g2 a

1 _1p
+Ee_gfaL(s,s)dS[P(S, s) — P(t,9)];

1t 1 1
0(t.6) = [ 105,9) T E D [u(s) — u(lds - [u(®) — u(@)] - eE a0

CoracHo yCIIOBUSM B) U T') OLICHKU BBEJICHHBIX (PYHKITUH OYIyT UMETh BU:

1 t _lth(‘r T)dT 1 —lftL(s s)ds

|H(t,s,€)| = g—zfs L(t,t)e € [L(z,s) —L(t,s)]df+ge s Js
[L(s,s) — L(t,s)]

1 rt 1.t 1 rt 1.t
< Ej L(z,T) e_Efr L(‘L’,‘L’)d‘L’dT -m(s) - {Ef L(s,s) ds} + e_Efr L(z,T)dT | m(s) -
s T

<

1 (¢ 1
u= EJ L(s,s)ds; du= EL(S, s)dt

1

<< m(s)e_EfrtL(T’T)dTFft

1.t
.= L(rndr
e et < 1=s

1t 1 1
dv =~ J' L(r,7) e 8l LsDds gp ) _ o3 i Ls)as
N
< m(s); 11)

1.t 1.t
IT(t,s,8) < |5 f; LT 0) - e el 0% (1, )de| < 2 [ L(z,7) e el oD%z
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nzif:L(v,v)dv; n=s,n=0
n=a, n= gfasL(v,v) dv
< my(){J, ne ™ dn} < my (s); (12)

my(s) LIS LCs 5) ds) <

1.t 1t
Eizf;L(T; 7) e LN [pr ) — p(t,s)]dr + %e—gfaL(s,s)ds

- [P(s,s) — P(t,5)]
u= %f:L(s, s)ds; du = iL(s, s)dt

lQ(t,s, &)l <

<

< 1.t 1t <m (S’)e_% ffL(T,T)dTlet <
= d‘l] — lftL(T ‘[) e—;f,’__ L(S,S)deT_ v = e_zf‘t L(S,S)ds - 1 T=s —
EYS 4 )
< my(s); (13)
1t —2 i L Dadr 3 B _ .
lo(t, )| < |e J L(s,s)e [u(s) —u(®)]ds — [u(t) — u(a)] 3
. e—%f;L(r,r)dr
1t 1.t 1 rt Y L.
< Ef L(s,s) e_gfs LDdr, <Ef L(t,T) dT) - e¥ds + e—gfaL(t,‘r)dr .C-
a s
<_f L(‘LT)d‘L’) eV < r]:—f L(t,7)dt Sf e_"'T)V'C'S”dn+
€ s & s 0

V= f e~ m¥Ydn + sup(e™"nY).
0

CpaBuuBas ypaBuenus (4) u (7), ypaBuenue (7) npuBoaum k ypaBHenuro (10). YuutsiBas BbIle
MIPUBE/ICHHBIE OLICHKH, UMEEM:

£t )] < [LNIm(s) + my()]1ECs, €) ds + [ my () [€s, €)lds +C - Vy - . (15)
Orcrona, mosry4aem:

C-Vi-eV it
If(t, S)l < ﬁefam(S)ds’ te [a' b],
rIe,

B = f: ml(s)ef;m(r)dfds <1 (16)
Teopema. [IycTs BeIMONHSIOTCS yenoBus a), 0), B), T) u (16). Torna:
1. Ecmm L(t,t) > 0, npu moutr Bcex t € [a, b];

2. Vpasuenue (1) umeer pemenne u(t) € C(a, b), Torna pemenne ypasHenus (4) npu
€ = 0, cxomgurcs o Hopme C(a, b) x u(t). Ilpu 3TOM cripaBeIHBa OI[CHKA

T
llv(t, &) — u(t)||c < (1 + i) - C -V, - eJalLE)-LESlds,

1-p
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BriBoa
[TocTpoeHna perynsipuzaius peuieHus UHTerpajibHOro ypaBHeHus dpearoapsma nepBoro poja

C pa3phIBHBIM sApoM B mpoctpaHcTBe C(a, b) METOIOM CKHMAIOMMX OTOOpaxkeHwid. JlokazaHo

A0CTAaTOYHOC YCJIOBHUEC CAMHCTBCHHOCTH PCILICHMS.
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